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ABSTRACT
The key role that dust plays in the interstellar medium has motivated the development
of numerical codes designed to study the coupled evolution of dust and gas in systems
such as turbulent molecular clouds and protoplanetary discs. Drift between dust and
gas has proven to be important as well as numerically challenging. We provide simple
benchmarking problems for dusty gas codes by numerically solving the two-fluid dust-
gas equations for steady, plane-parallel shock waves. The two distinct shock solutions
to these equations allow a numerical code to test different forms of drag between
the two fluids, the strength of that drag and the dust to gas ratio. We also provide
an astrophysical application of J-type dust-gas shocks to studying the structure of
accretion shocks onto protoplanetary discs. We find that two-fluid effects are most
important for grains larger than 1 µm, and that the peak dust temperature within an
accretion shock provides a signature of the dust-to-gas ratio of the infalling material.
Key words: dust – shock waves – protoplanetary disc – accretion
1 INTRODUCTION
Dust is found to play a key role in numerous astro-
physical evironments. In the interstellar medium (ISM),
dust is heavily involved in controlling the thermodynam-
ics by being a major coolant, collisional partner and
source of opacity. It allows us to probe the magnetic field
by measuring the polarization in thermal dust emission
(Planck Collaboration et al. 2016), and is crucial to the for-
mation of H2 in molecular clouds by providing a catalytic
surface and by attenuating the dissociating ultraviolet radi-
ation field (Glover & Clark 2012). Thermal dust emission is
observed with telescopes such as Spitzer (e.g. Stephens et al.
2014), Herschel (e.g. Launhardt et al. 2013), and ALMA
(e.g. ALMA Partnership et al. 2015), and these observations
are used to obtain properties of the gas. Thus it is crucially
important not only to understand the properties of dust
grains, but also their coupled evolution with the gas phase
in order to rigorously relate dust emission to properties of
the ISM.
The importance of coupled gas-dust modelling has mo-
tivated the development of numerical codes designed to sim-
ulate gas and dust in various astrophysical systems. For ex-
ample, radial gradients of gas pressure in protoplanetary
discs induce dust clumping leading to planetesimal forma-
tion (Bai & Stone 2010b), large dust-to-gas variations oc-
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cur in turbulent molecular clouds and dust filaments do
not necessarily correlate with gas filaments (Hopkins & Lee
2016), and dust-gaps are cleared more easily than gas-gaps
in protoplanetary discs (Paardekooper & Mellema 2006).
Both grid-based (Bai & Stone 2010a) and particle-based
smoothed particle hydrodynamics codes (Laibe & Price
2012a) have been used to study dusty gas flows in the ISM.
However, Laibe & Price (2011) highlight a lack of simple an-
alytic solutions to benchmark dusty gas codes in astrophysi-
cal conditions. The main goal of this work is to provide such
a simple solution by computing the structure of steady-state,
planar two-fluid dusty gas shock waves. Unlike the standard
shock-tube tests, steady shocks comprise only one hydrody-
namic component with a structure that can be computed by
simply integrating the governing ordinary differential equa-
tions, as we do in Section 3. The numerical simulation is
also simple: drive a piston represented by reflective bound-
ary conditions into a uniform medium. This simple test can
be used to benchmark how numerical codes behave with dif-
ferent dust-to-gas ratios, or e.g. linear, quadratic, or Epstein
forms of the drag coefficients.
Two-fluid dusty shocks are not just ideal benchmarks
for numerical codes. Supersonic flows occur ubiquitously in
astrophysical systems. For example, in the inside-out col-
lapse model of protoplanetary cores, material becomes ther-
mally unsupported and free-falls onto the protoplanetary
disc at a few km/s. The sound speed in the gas is only ∼0.2
km/s, and so a shock wave forms as the material decelerates
c© 2015 The Authors
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to settle onto the disc. In Section 4 we provide an applica-
tion of our two-fluid shock solutions to study this type of
accretion shock.
2 THEORY
In this section we outline the set of equations that describe
the two-fluid dust-gas system. We use these equations to de-
rive the dispersion relation for linear waves in the combined
fluid, and discuss how this affects the possible dust-gas shock
structures.
2.1 Fluid Equations
For a fluid with gas density ρ, velocity v and pressure P , and
dust density ρd and velocity vd, the equations of continuity
and conservation of momentum for the gas can be written
∂ρ
∂t
+∇ · (ρv) = 0, (1)
ρ
∂v
∂t
+ ρ (v · ∇)v = −∇P − Fdrag, (2)
where Fdrag is the rate at which momentum is added to the
gas via drag from the dust fluid. The analogous equations
for the dust fluid are
∂ρd
∂t
+∇ · (ρdvd) = 0, (3)
ρd
∂vd
∂t
+ ρd (vd · ∇)vd = Fdrag, (4)
where we have assumed the dust to be pressureless. We close
the fluid equations with a polytropic equation of state
P = c2sρ
γ
where cs is the sound speed.
The drag term has been thoroughly discussed by
Laibe & Price (2012b) for various forms of astrophysical in-
terest. It is generally proportional to a power law of the
velocity drift between the two fluids. If we consider the lin-
ear drag regime where the drag term on the total fluid can
be written as
Fdrag = K (v − vd)
for drag coefficient K, then linear waves obey the dispersion
relation given by
ω
(
ω2 − k2c2s
)
+ iK
(
ρ−10 + ρ
−1
d0
) (
ω2 − k2c˜2s
)
= 0 (5)
where ρ0 and ρd0 are the unperturbed gas and dust density,
respectively, and
c˜s = cs (1 +D)
−1/2
with the dust to gas ratio
D =
ρd0
ρ0
.
In the limit of weak coupling between the dust and gas
(K → 0) we recover the dispersion relation for ordinary
sound waves in a gas with phase velocity ω/k = cs. In the
strong coupling limit (K → ∞) the complex term of equa-
tion (5) dominates, and so waves travel at the combined
sound speed c˜s.
The two signal speeds in the system, cs and c˜s, deter-
mine the possible structures of dust-gas shocks. The dust-gas
mixture will behave as a single fluid far ahead and behind
a shock and so the combined sound speed c˜s is the relevant
signal speed that, in the frame of reference comoving with
the shock, the fluid velocity must transition across. As c˜s is
necessarily less than cs, we will see that two distinct classes
of shocks arise depending on whether the shock speed is
greater or less than the gas signal speed cs.
For a supersonic shock (shock velocity vs > cs ) the
preshock fluid is overrun by high density gas in a thin shock
front a few mean free paths wide that resembles an ordi-
nary gas dynamic shock. The dust particles cannot respond
quickly, and so there is a relaxation zone wherein the dust
particles are accelerated until the two fluids flow at the same
velocity. This structure is qualitatively sketched in Figure 1.
When the shock speed is between the two signal speeds,
sound waves in the gas fluid can travel ahead of the shock
front and compress the gas and dust in such a way that
all the fluid variables remain continuous through the shock.
We will call these two classes J-type and C-type shocks in
analogy to the kinds of magnetised two-fluid shocks outlined
by Draine (1986), where ion-magnetosonic waves can travel
ahead of a jump front to form a “magnetic precursor”. Sec-
tion 3.2 characterises these classes in further detail.
3 STEADY PLANAR SHOCKS
In this section we describe the first order differential equa-
tion that we solve to investigate the structure of two-fluid
dust-gas shocks. We characterise the initial stationary states
to outline the criteria for J- and C-type shocks to occur
and discuss their structure. These shock solutions are ideal
tests for benchmarking numerical codes that wish to sim-
ulate dusty gas. Our python code that returns the shock
solutions described in this section is publicly available on
the Python Package Index1 and BitBucket2.
In the standard shock-tube problem (Sod 1978) the sim-
ple setup breaks up into a shock wave, rarefaction wave and
a contact discontinuity. In the two-fluid dust-gas version
of this problem there is no known analytic solution, but
Saito et al. (2003) find that a steady-state shock solution
fits one of the components well. Unlike the Sod shock-tube,
the steady shocks we compute here are very simple, com-
prising just one hydrodynamic structure. A numerical code
can then be tested against the steady solution by setting up
a reflective boundary representing a piston as the driver of
the shock, as in Toth (1994).
3.1 Numerical Integration
Assuming a steady state, one-dimensional structure varying
in the z-direction and a power law drag term, the gas fluid
1 https://pypi.python.org/pypi/DustyShock
2 https://bitbucket.org/AndrewLehmann/dustyshock
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Figure 1. Sketch of a J-type dust-gas two-fluid shock in the frame of reference where the preshock fluid is stationary. The red, smaller
circles refer to gas particles whereas the larger gray circles refer to dust particles. The black dashed line marks the jump transition in
the gas fluid that takes place on the order of a few mean free paths.
equations reduce to
d
dz
(ρv) = 0 (6)
d
dz
(
ρv2 + c2sρ
)
= K |vd − v|n (7)
and the dust fluid equations reduce to
d
dz
(ρdvd) = 0 (8)
d
dz
(
ρdv
2
d
)
= −K |vd − v|n . (9)
We get the dimensionless derivative of the dust velocity from
combining equation (8) and (9):
dwd
dξ
= − |wd − w|n (10)
for the normalised velocities and position defined by
wd =
vd
vs
w =
v
vs
ξ =
K
ρd0v
2−n
s
z (11)
where vs is the shock velocity and ρd0 is the preshock dust
mass density. The normalised gas velocity w can be ex-
pressed in terms of wd as a solution of the quadratic equation
w2 +
[
D (wd − 1) − 1−M−2
]
w +M−2 = 0 (12)
where we have used the sonic Mach number M ≡ vs/cs,
assuming that initially the gas and dust flow together at the
shock velocity vs. The two roots of the quadratic represent
supersonic and subsonic (with regards to cs) gas velocities.
The fluid variables defining the shock structure are ob-
tained by integrating the first order ordinary differential
equation (ODE) defined by equation (10). In this paper we
use the open source pythonmodule scikits.odes3. This mod-
ule solves initial value problems for ODEs using variable-
order, variable-step, multistep methods.
3 https://github.com/bmcage/odes
3.2 Stationary Points
The pre-shock state, defined by the gas density ρ0, dust
density ρd0, shock velocity vs and initial temperature T0 is
a stationary point. In order to classify this state, we perturb
the initial state and let the perturbation grow (or decay)
exponentially as follows:
v = vs + δve
λz
vd = vs + δvde
λz
ρ = ρ0 + δρe
λz
ρd = ρd0 + δρde
λz
P = ρg0c
2
s + c
2
sδρe
λz
where we have assumed isothermality. Substituting these
perturbed variables back into equations (6)-(9) gives the
eigenvalue
λ = − K
ρd0vs
1 +D
D
v2s − c˜2s
v2s − c2s
(13)
This expression implies that for supersonic shocks (vs >
cs > c˜s), the eigenvalue λ < 0 and hence the perturba-
tion decays. That is, the initial state is a stable stationary
point. Hence it requires an initial discontinuity (jump) to
get across the sound speed. In this kind of shock, the gas
fluid is highly compressed over a few mean free paths. The
dust cannot respond quickly, and so this jump is determined
by the hydrodynamic jump conditions. For the isothermal
shocks computed here, the density jumps as
ρ2
ρ1
=M2
while the velocity switches from the supersonic to the sub-
sonic root using equation (12).
By replacing vs with the post-shock solution vpost we
can explore the final state. A shock in the total gas-dust fluid
is a transition across the total speed c˜s, and so vpost < c˜s.
Thus the eigenvalue near the post-shock state λ < 0, which
defines a stable point, so jumping near this state will set-
tle onto it. Two-fluid dust-gas J-type shocks were first dis-
cussed by Carrier (1958), and have been thoroughly stud-
MNRAS 000, ??–?? (2015)
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Figure 2. J-type gas-dust shocks with Mach numberM = 2 and
initial dust-to-gas ratios D = 1 (solid lines), D = 0.1 (dashed
lines) and D = 0.01 (dotted lines). The red lines give the gas ve-
locity and the black lines gives the dust velocity, both normalised
to the shock velocity. The upper panel are solutions computed
with a linear drag term while the lower panel uses a quadratic
drag term. Note that the z-scale normalisation differs according
to eq. (11).
ied for various non-astrophysical applications (see review by
Igra & Ben-Dor 1988, and references therein).
J-type shock solutions
An example of the velocity structure of an isothermal J-type
shock in the frame of reference comoving with the shock is
shown in fig. 2. The upper panel shows shock structures
computed with Mach number M = 2.0 using a linear drag
term and initial dust-to-gas ratios varying from 0.01–1. After
the initial hydrodynamic jump in the gas particles, the dust
lags behind the gas, but both eventually settle to the same
velocity (below c˜s). The combined fluid velocities far ahead
(vs) and behind (v2) the shock front are related by
v2
vs
=
(
c˜s
vs
)2
= (1 +D)−1M−2. (14)
Hence reducing D changes the shock structure by increasing
the post-shock velocity that the solution settles to. This ef-
fect allows this steady state solution to test how a numerical
code behaves with different dust-to-gas ratios.
The lower panel of fig. 2 shows isothermal shock solu-
tions with the same conditions as the upper panel except
that they are computed using a quadratic drag term
Fdrag = K |v − vd|2 .
The structure is qualitatively similar to the linear drag case,
however the shock thickness is an order of magntitude larger
(in the dimensionless position variable ξ). From eq. (10), the
shock thickness ∆ξ ∼ (∆w)1−n, and ∆w is necessarily be-
tween 0 and 1. Hence the the shock thickness increases with
the index of the power-law drag. For this reason, this solu-
tion also has an extended tail of very small but finite ∆w.
These stark differences allow a numerical code’s implemen-
tation of different drag coefficients to be tested by the shock
problem. Note that regardless of the form of the drag term,
the shock solution settles onto the same post-shock velocity.
This is because the jump conditions relate the velocities of
the combined fluid on either side of the shock.
The different shock structures resulting from different
drag terms could be used to test a numerical code’s imple-
mentation of the drag. However, in many codes artificial vis-
cosity is used to smear a discontinuity over a finite distance.
The scaling factor
K
ρd0v
2−n
s
can be adjusted until the relaxation tail of the J-type ana-
lytic shock solution spreads over many computational cells,
so that the behaviour of a numerical code in certain regimes
of the drag coefficient (small K) and/or dust density (large
ρd0) can be tested. The C-type shock solution in the fol-
lowing section avoids this limitation because it lacks any
discontinuity. The structure also depends on the dust-gas
interaction more crucially than in J-type shocks, and may
therefore be a more appropriate test problem for dusty gas
numerical codes.
C-type shock solutions
For C-type shock solutions to exist we require a positive
eigenvalue in equation (13), so that perturbations smoothly
grow away from the preshock state. The shock speed must
then be in the range
c˜s < vs < cs
and hence the Mach number is necessarily below unity for
this type of shock. Without cooling, this shock will smoothly
settle onto the post-shock state. However, with cooling there
is the potential for the gas sound speed to drop (as the gas
compresses in the shock) faster than the velocity. If cs = v in
the shock somewhere, a jump will be required. Otherwise,
the fluid variables will remain continuous throughout the
shock. This kind of shock was first investigated by Kriebel
(1964) and further developed by Miura (1972).
An example of the velocity structure of isothermal C-
type shocks is shown in fig. 3. The pre-shock variables are
the same as for the J-type shock discussed above, except that
the Mach numberM = 0.95. The structure is a factor of ∼2
wider than the example J-type shock, and as the two fluids
smoothly settle onto the post-shock state the drift velocity
remains small.
When computed with a quadratic drag term (lower
MNRAS 000, ??–?? (2015)
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Figure 3. Same as Fig. 2 but for a C-type shock with Mach
numberM = 0.95 and D = 1.
panel), the solution initially changes slowly when the drift
velocity is small and the drag is smaller than the linear
regime. When the drift is large the velocity changes rapidly
until the drift is small again. Thus the structure is much
thinner than the linear drag solution in the centre of the
shock when the drift is large (note the z-scale differs by a
factor of 103 in the lower panel), but takes a long time for
the two fluids to come to rest with respect to each other.
Recall that the shock velocity vs for C-type dusty gas
shock is restricted to the range
c˜s < vs < cs,
and that the combined fluid speed is related to the pure gas
sound speed by the factor
(1 +D)−1/2 .
This means that when the initial dust-to-gas ratio becomes
small—such as the typical interstellar value of 0.01—vs
cannot be much larger than c˜s, resulting in a very weak
shock. For this reason, C-type dusty shocks may not rel-
evant to the general ISM. However, strong variations of D
have been found in simulations of turbulent molecular clouds
when dust-gas decoupling has been modeled (Hopkins & Lee
2016), and values as high as unity have been used in pro-
tostellar discs (e.g. Dipierro et al. 2015) to account for dust
migration to the inner parts of the disc.
We have presented two potential benchmarking prob-
lems for numerical codes seeking to simulate dusty gas sys-
tems. These problems allow a code to test the implementa-
tion of different forms of drag, the strength of the drag (K)
and the dust to gas mass density ratio (D). In the following
section we provide an astrophysical application of two-fluid
dust-gas shocks.
4 PROTOPLANETARY DISC ACCRETION
SHOCK
Here we present an astrophysical application of two-fluid
dust-gas shocks. At very early stages of star formation, the
system is characterised by an embedded protostellar disc
surrounded by an infalling envelope of dust and gas. The
material falls, due to gravity, through an accretion shock and
then eventually settles onto the disc. We study this accretion
shock by modeling it as a two-fluid dust-gas shock.
4.1 Shock Parameters
The accretion rate onto a protoplanetary disc in the inside-
out collapse model of a singular isothermal sphere can be
approximated (Larson 2003) as
M˙ ∼ c
3
s
G
= 2× 10−6 M⊙ yr−1
where G is the gravitational constant, and we have assumed
the typical interstellar medium sound speed cs = 0.2 km s
−1.
This mass is spread over the area of the disc, so that the mass
flux of the accretion shock is
ρ0vs =
M˙
piR2d
∼ c
3
s
GpiR2d
(15)
∼ 1.7× 10−11
(
Rd
100 au
)−2
g/s/cm2 (16)
where Rd is the disc radius. The material accretes in free-
fall and thus reaches the protoplanetary disc at the escape
speed. The gas meets a disc in Keplerian motion, and so the
shock velocity
vs ∼
√
GM∗
r
(17)
where r is the distance from the central protostar with mass
M∗. Using this velocity and eq. (16) we get a preshock den-
sity of
ρ0 ∼ 4× 10−17
(
Rd
100 au
)−2 ( r
50 au
)1/2
g/cm3.
This corresponds to a total hydrogen number density, nH ≈
n(H) + 2n(H2), of
n0 =
ρ0
1.4mH
∼ 2× 107
(
Rd
100 au
)−2 ( r
50 au
)1/2
cm−3.
The shock will be located where its ram pressure is bal-
anced by the thermal pressure of the disc. That is, where
n0v
2
s = nd(r, z)cs(r)
2 (18)
where the disc density and sound speed are functions of ra-
dial distance from the star, r, and vertical distance from the
MNRAS 000, ??–?? (2015)
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Figure 4. Location of shock (solid line), where the ram pres-
sure of free-falling material balances the thermal pressure of the
protoplanetary disc. The dotted line marks the scale height for
comparison.
disc, z. These functions can be approximated in the mini-
mum mass solar nebula model (Wardle 2007) as
nd(r, z) ∼ 5.8× 1014 cm−3
( r
au
)−11/4
exp
(
− z
2
2h2
)
cs(r) ∼ 0.99 kms−1
( r
au
)−1/4
with the scale height, h, is given by
h
r
∼ 0.03
( r
au
)1/4
.
Subsituting these approximations into equation (18) and re-
arranging for the vertical height gives
z2s = 2h
2 ln
(
2.62× 105
(
Rd
100 au
)2 ( r
au
)−11/4)
.
The location where the shock ram pressure balances the disc
thermal pressure (zs) is shown in fig. 4 for a disc radius
Rd = 100 au. Beyond r ∼ 95 au, the disc density and sound
speed has dropped so low that its thermal pressure never
balances the shock ram pressure. In this region the shock
will run up against the material freely falling from the other
side of the disc. A sketch of the system is shown in fig. 5. In
the next section we model this accretion shock using repre-
sentative values of the shock velocity and preshock density
between 30–80 au, i.e. ∼4.0 km s−1 and ∼4×10−17 g cm−3,
respectively.
4.2 Physical Processes
Following Draine (1986) the drag term, or momentum rate
of change change per volume due to elastic scattering, can
be expressed as
F =
σρρd
md
√
2kT
piµ
(vd − v) I (v, vd, T )
where σ is the dust cross-section, md is the mass of a dust
particle, µ is the mean mass per gas particle ((7/3)mH
in molecular gas), T is the gas temperature and k is the
Boltzmann constant. The function I(v, vd, T ) is well approx-
imated by
I(v, vd, T ) ≈ 8
3
(
1 +
9pi
64
1
2
µ |v − vd|2
kT
)1/2
.
PRE-SHOCK
POST-SH
OCK
vs
DISC
Rd
DISC
POST-SHOCK
vs
Figure 5. Sketch of model for accretion shock (dashed) onto
protoplanetary disc.
The derivative of the dust velocity through the shock then
becomes
dvd
dz
= αvs
√
kT
µ
I(v, vd, T )
v − vd
vdv
(19)
where
α =
ρ0r
2
d
√
2pi
md
for preshock gas density ρ0 and dust radius rd. We have
assumed that the dust cross-section is its circular area.
For the vs ∼ 4 km s−1 shock we are considering, the
gas temperature immediately behind the shock will jump
from 10 to ∼103 K. If we estimate the drift velocity ∆v =
vd − v ∼ vs/2, the post-jump gas velocity v ∼ vs/5, assume
spherical carbon dust particles with homogeneous density
∼2.2 g cm−3, then we can estimate the shock thickness to
be
∆z ∼ vdv
αvsI
(
kT
µ
)−1/2
∼ 0.06 au
(
rd
µm
)
.
Hence the shock remains thin compared to the size of the
system shown in fig. 4.
In order to include heating and cooling we use the en-
ergy equation for the gas fluid
v
dP
dz
+ γP
dv
dz
= (γ − 1) (Γ− Λ)
where Γ is the heating rate per unit volume and Λ is the cool-
ing rate per unit volume. Combined with an ideal equation
of state P = nkT , we derive the gas temperature derivative
1
T
dT
dz
=
1
ρ0v3s
γ − 1
w2 − γτ
((
w2
τ
− 1
)
(Γ− Λ) + vF
)
where τ = kT/µv2s . We also modify equation (12) to account
for the variable temperature
w2 +
[
D (wd − 1)− 1−M−2
]
w +
kT
µv2s
= 0.
MNRAS 000, ??–?? (2015)
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Finally, the temperature jumps from T1 to T2 across the
initial discontinuity following
T2
T1
=
(
1 +
2γ
γ + 1
(M2 − 1))M2 (γ − 1) + 2M2 (γ + 1) .
From Draine (1986), the rate of change per volume of
the thermal energy content of gas due to elastic scattering
by dust with a velocity-independant cross section, σ, is
Γdrag =
σρρd
m2d
√
8kT
piµ
[k (T − Td) I2 + kTdI3]
where
I2 ≈
(
1 +
9pi
64
1
2
µ |v − vd|2
kT
)1/2(
4 +
8
3
1
2
µ |v − vd|2
kT
)
and
I3 ≈
(
1 +
9pi
64
1
2
µ |v − vd|2
kT
)1/2
8
3
1
2
µ |v − vd|2
kT
.
To calculate the dust temperature we assume that the
frictional heating per grain, Γdrag/nd, is always balanced by
the power radiated by a dust grain. Following Draine (2011),
grains lose energy by infrared emission at a rate, per grain,
Λd = 4pir
2
d 〈Qabs〉σT 4d (20)
where σ is the Stefan-Boltzmann constant and 〈Qabs〉 is the
Planck-averaged emission efficiency, which for carbon grains
is
〈Qabs〉C ∼ 8× 10−7
(
rd
0.1µm
)(
Td
K
)2
.
We include rotational line cooling from CO and H2 us-
ing the cooling functions of Neufeld & Kaufman (1993) and
Neufeld et al. (1995). They give the cooling rate per volume
Λ(M) = n(M)n(H2)L for a moleculeM using a cooling rate
coefficient L obtained by fitting to four parameters of the
form
1
LM
=
1
L0
+
n(H2)
LLTE
+
1
L0
(
n(H2)
n1/2
)α (
1− n1/2L0
LLTE
)
.
The parameters L0, LLTE, n1/2 and α are tabulated for tem-
peratures up to a few thousand K, and depend on an optical
depth parameter N˜ . Modeling the shock as a plane-parallel
slab of thickness d, this parameter is given as
N˜(CO) =
n(CO)d
9∆v
We have chosen a CO abundance x(CO) = 1.24 × 10−4
with respect to the total hydrogen density and molecular
hydrogen abundance x(H2) = 0.5, both constant through-
out the shock. We thus use an optical depth parameter
N˜(CO) ∼ 1015 cm−2/(km/s), appropriate for a shock thick-
ness of 1 au and ∆v=4 km s−1.
Finally, we choose a preshock gas and dust tempera-
ture Tg0 = Td0 = 10 K, corresponding to an isothermal
sound speed cs = 0.188 km s
−1, and we do not allow either
temperature to fall below their initial value.
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Figure 6. Accretion shock velocity profile for vs=4 km/s, ρ0 =
4× 10−17 g/cm3, and preshock dust-to-gas ratio D = 0.01. Dust
velocities for three different dust sizes are shown, rd=0.1 (dotted),
1 (dash-dotted) and 10 (dashed) µm. The gas velocity profiles
(solid red line) cannot be distinguished in the three cases.
4.3 Results and Discussion
With the heating and cooling processes in place, we numer-
ically integrate the coupled ODEs as discussed in 3.2 for J-
type shocks. We first investigate the effect of different sizes
of dust grains by considering a constant initial dust-to-gas
ratio D = 0.01. The resulting velocity profiles computed for
dust sizes rd = 0.1, 1 and 10 µm are shown in fig. 6.
When rd = 0.1 µm, the region of the shock with any
drift between the dust and gas velocities is negligible com-
pared to the size of the shock, and so closely resembles a
one-fluid shock. However, when rd = 10 µm this region is
about half the size of the shock. Hence we expect two-fluid
effects to be more prominent in accretion shocks where the
dust has coagulated into large grains (rd > 1 µm). Note that
the shock thickness ∼4 au, which is approaching the limits
of validity for this model.
The heating and cooling of the dust depends on grain
radius such that larger grains will reach lower temperatures.
The temperature profiles of the gas and dust for the same
shocks shown in fig. 6 are shown in fig. 7. The peak dust
temperature decreases from 40 to 20 K with increasing grain
radius. In addition, the smaller grains take longer to cool,
retaining their increased temperature for a larger fraction of
the shock.
We consider the effect of changing the dust to gas ratio.
The canonical value in the interstellar medium is D = 0.01,
however values as high as unity have been used in protostel-
lar discs (e.g. Dipierro et al. 2015) to account for dust mi-
gration to the inner parts of the disc. The velocity, density,
and temperature profiles for accretion shocks with D = 0.01
and D = 1 are shown together in fig. 8 in the case where
the dust size rd = 10 µm. The profiles are similar, with
the larger dust-to-gas ratio resulting in a more compressed
structure. The main difference is in the dust temperature
profile (lower panel). When D = 1, the dust does not heat
above its preshock value of 10 K. This means that if an ac-
cretion shock is observed, the dust temperature is a probe of
the dust-to-gas ratio. Even though this ratio changes within
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Figure 7. Accretion shock temperature profile for vs=4 km/s,
ρ0 = 4× 10−17 g/cm3, and preshock dust-to-gas ratio D = 0.01.
Dust temperatures for three different dust sizes are shown, rd=0.1
(dotted), 1 (dash-dotted) and 10 (dashed) µm. The gas tempera-
ture profiles (solid red line) cannot be distinguished in the three
cases.
the shock, it always returns to the preshock value. Hence
the peak dust temperature measures the dust-to-gas ratio of
material that eventually falls onto the protoplanetary disc.
We have presented an astrophysical application of two-
fluid dust-gas shocks by studying the accretion shock above
a protoplanetary disc. We have simplified the system by
not including any chemical reactions or evaporation of grain
mantles. At the temperatures reached (103 K) there is sig-
nificant driving of neutral-neutral reactions, and coolants
such as H2O and OH could be produced. Cooling by these
molecules could change the detailed structure of the shock
and/or provide radiative signatures of the shock parameters.
Our simple treatment has shown that a detailed analysis of
dust-gas shocks could be useful to investigate infalling ma-
terial onto protoplanetary discs.
5 CONCLUSION
We have numerically solved the two-fluid dust-gas equa-
tions assuming a steady-state, planar structure. Two distinct
shock solutions exist where the gas fluid drags the dust fluid
along through a discontinuity (J-type) or smoothly (C-type)
until both fluids settle onto post-shock values. These shocks
are ideal tests for benchmarking the behaviour of numerical
codes seeking to simulate dusty gas with different expres-
sions for the drag or dust-to-gas mass density ratios. Our
python code that returns shock solutions for user defined
parameters is publicly available on the Python Package In-
dex4 and BitBucket5.
We used a J-type two-fluid dust-gas shock to study the
accretion shock settling material onto a protoplanetary disc.
We found that two-fluid effects are most likely to be impor-
tant for larger grains (rd > 1 µm). The dust temperature
4 https://pypi.python.org/pypi/DustyShock
5 https://bitbucket.org/AndrewLehmann/dustyshock
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Figure 8. Accretion shock profile for vs=4 km/s, ρ0 = 4 ×
10−17 g/cm3, and dust size rd = 10 µm. Upper panel shows the
velocity profiles, middle panel shows the density profiles, and the
lower panel shows the temperature profiles. Solid lines are shocks
with initial dust-to-gas ratio D = 0.01 while dashed lines have
D = 1. Black lines refer to dust variables and red lines refer to
gas variables. Note that in the density profile, the gas and dust
densities are normalised by their own preshock density, which dif-
fers in the D = 0.01 case.
within the shock front was found to be a sensitive probe
of the dust-to-gas ratio that eventually falls onto the pro-
toplanetary disc. This work shows that a detailed analysis
of two-fluid dust-gas shocks could be a fruitful avenue to
investigating the composition of infalling material onto pro-
toplanetary systems.
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